Chapter 15
Quantum Coherence and Measurement Theory

Abstract The feature of quantum mechanics which most distinguishes it from clas-
sical mechanics is the coherent superposition of distinct physical states. Many of the
less intuitive aspects of the quantum theory can be traced to this feature. Does the
superposition principle operate on macroscopic scales? The famous Schroedinger
cat argument highlights problems of interpretation were macroscopic superposition
states allowed. In this chapter we discuss schemes to produce and detect superpo-
sition states in an optical context. We shall show that such states are very fragile in
the presence of dissipation and rapidly collapse to a classical mixture exhibiting no
unusual interference features.

The superposition principle is also the source of the “problem of measurement”
in quantum mechanics. We do not attempt to present a solution to this problem here.
Rather we show how the effect of the environment on superposition states enables
a consistent description of the measurement process to be given and which avoids
some of the problems inherent in previous approaches.

15.1 Quantum Coherence

The well known two slit experiment demonstrates the observational consequences
of the coherent superposition of states, namely the possibility of interference pat-
terns. In analogy with the classical theory of wave interference the visibility of the
interference pattern in the probability distributions for various measurements can be
used as a measure of quantum coherence. (There is a possibility of confusion here
which should be cleared up. In the interference of waves we are usually concerned
with the interference of two or more field modes. In this chapter however we are
concerned with the superposition of different states of a single mode.)

The essential point in understanding quantum coherence is the physical distinc-
tion between the coherent superposition state

ly>=cjlo; > (15.1)
7
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and the classical mixture

P =2 lci*10; >< o) . (15.2)

J

The density operator corresponding to the pure state in (15.1) is

Pp = Pm+ X, cicl|0i >< ¢ (15.3)
i#]

How is one to distinguish these states in practice? Let X be the operator correspond-
ing to some physical quantity with eigenvalues x. The probability distribution for X
in the state |y > is then given by

Py(x) = Pu(x) + Y cic < x|¢i >< ¢j[x >, (15.4)
i#]j

where P,,(x) is the probability distribution for the state p,, given by

P(x) :Z|c,~|2| < x|y > |2:Z|c,»|2p¢,.(x) (15.5)

Measurements of X will distinguish the states p,, and p, provided the second term
in (15.3) is nonzero. We are thus led to define the quantum coherence with respect
to the measurement of X by the coherence function

€ (x) =Y cich <x[¢; >< pjlx> . (15.6)
i)

How does one choose an operator X such that the resulting probability distribution
will exhibit interference fringes? Clearly one cannot choose operators which are
diagonal in the basis {|¢; >} as then the coherence function vanishes. The simplest
example of an operator which distinguishes these states is the projector

P=ly><yl, (15.7)

with eigenvalues p € {0,1}. Then

Py(p) =01, (15.8)
while .
Xileil ifp=1
P, — J = . 15.9

The coherence function is

C(p)= (D" lejl* 1) (15.10)
J

In practice however there may be no way to measure the operator P.
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In quantum optics one either measures photon number (by photon counting) or
quadrature phase (by balanced homodyne detection). As an example consider the
superposition of two number states

1
w>= (> >), (15.11)
and the corresponding mixed state
1
Pm = 2(|n1 ><ny| 4| ><nl) . (15.12)
A measurement of photon number will not distinguish these states, however as the
quadrature phase does not commute with the number operator, quadrature phase

measurements should distinguish the states.
Define the quadrature operator

Xg = (ae ™% + 4" %) (15.13)

with eigenstates |xg >. Using the result

< xgln >= (27‘:)_1/4(2"n!)_1/2Hn(j/(;)e_x%/4_i"9 (15.14)
one finds
Pu(xe) = - (P (xg) + PO) 15.15
m(Xe) = xg) + P (xq)) (15.15)
and
€(xg) = (2m) 20/ 2(2 2y 1ny 1) /2 (15.16)
X X
><Hn.(f2)Hn2(f2)cos((n1—nz)e) (15.17)
where
P (xq) = (27r)’1/2(2”fni!)*1Hni(392)%*)%/2 (15.18)

Thus a superposition of number states will exhibit interference fringes for some
quadrature phase angle 6. In Fig. 15.1 we plot P,(xg) versus xg for 6 = 0. It is
surprising that, depending on whether n; — n, is even or odd, certain phase angles
do not give interference. However it is quite clear that the superposition of two
number states will exhibit phase dependent noise despite the fact that number states
themselves have phase independent noise.

As a second example consider the superposition of two coherent states (so called
cat states)

[y >= A (loy >+ >), (15.19)

where

N = (2+e_5(‘°‘"2+‘°‘2‘2)(eo‘r‘)‘2+e“‘°‘§)) 2 (15.20)
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Fig. 15.1 A plot of the prob- 0.5, Py
ability density for the quadra-
ture phase with phase angle 0.4
at zero for a superposition ’
of two number states, with
0.3
ny = 0,}12 =5
0.2
/\ U /\
-6 -4 -2 Xg 2 4 6
and |
pm =, (lon ><au|+on >< ) (15.21)

In Chap. 17 we discuss how states of this kind have been produced for the centre of
mass degree of freedom for a harmonically trapped ion. For cat states, measurements
of either quadrature phase or photon number should exhibit interference fringes as
neither of the corresponding operators commutes with a coherent state projector.
However there is an optimal quadrature phase angle which leads to maximum inter-
ference.

In the case of photon number one finds

Py(n) = A 2PV (n) + PP (n) +€(n)) (15.22)
where
)= (pexn ) (anP +lool) ) (g + (@iany) (1529
where
POG) = (| lesfne 1" (15.24)
If we write 0; = |0y]e’® then
¢ (n) = 2(PY ()PP (n))'? cos(n(¢1 — 62)) (15.25)

and we see that the degree of interference depends on the phase angle between the
amplitudes of the superposed states. For simplicity let us take oy | = || = |o] .
Then

Py(n) = 2,/V2(nl')|a|2"e—‘“‘2(1 +cos(n(¢) — 1)) . (15.26)

When ¢; — ¢ = 7, P,(n) is zero for n odd. Thus a superposition of coherent states 7
out of phase but of equal amplitude will contain only even photon number, a similar
situation to that of a squeezed vacuum state.

In the case of quadrature phase measurements one finds
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_ y.a—if)2 _ y*eif)2
P(i)(XG) _ (27’5)_1/26Xp <—|oc,~|2+x9 o (xe a;e ) _ (XQ o;e )

2 2 2
(15.27)
and thus
2 -1 y »
%(xg) = ()" Rexp( " (lou [+ Jonl? =) + (vo — c1e ™) + (g — 05e®)?))
(15.28)
To gain some insight into these equations we take |0 | = |on| = || and choose
0 =0y = (¢1+¢2)/2 (15.29)

This phase angle bisects the angle between the two coherent states (see Fig. 15.2).
We then have

PO (x) = PP (x) = (21) "2 exp (—(x — 2| at| cos ¢_)?/2) (15.30)

and
% (x) = 2P (x) cos(2|ox|sin ¢ (x — |o| cos 9 )) (15.31)

with ¢_ = (¢ — ¢»)/2 and we have put x = x;, . Thus
Py(x) = 2.42P (x)(1+cos(2|a| sin ¢ (x—|ot|cos ¢ )) (15.32)

This is a Gaussian centred at 2| ct| cos ¢_ modulated by an interference envelope (see
Fig. 15.3)

This result has a simple geometric interpretation. Referring to Fig. 15.2 we see
that projecting the two coherent states onto the xy, axis gives a maximum overlap
centred on the mean value < X, >= 2|ot|cos ¢_. We conclude that whenever the
coherent states are projected onto a quadrature such that they overlap exactly, the
interference will be maximal. Conversely we expect that if we project the coherent

Fig. 15.2 Phase space repre- X,
sentation of the superposition -
of two coherent states. The
dashed line represents the
direction of the quadrature
phase angle which exhibits
maximum interference
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Fig. 15.3 The probability
density for the quadra-

ture phase at phase angle

0 = ¢ = m/2 for a superpo-
sition of two coherent states
with ¢_ = 7/2 . This is the
quadrature direction which
bisects the angle between the
two superposed coherent am-
plitudes, and which exhibits
maximum interference

P(x)

=

states onto a quadrature with 6 = ¢ + 7/2 there will be minimum overlap and thus
the least interference, (see Exercise 15.1).

We now need to consider the effect of dissipation on the interference features
discussed above. With this in mind we write the coherence function in terms of the
complex valued functions C(x),

E(x) =C(x)+C(x)" (15.33)
where for a general superposition state
C(x) = ZCicj < x| >< ¢jlx > (15.34)
i<j

A convenient measure of the degree of quantum coherence is the quantum visibility
defined by

|C)l
(PM(x)P@) (x))1/2
In all the cases considered above #'(x) is unity for all values of x and the states

considered thus have maximum quantum coherence. However when dissipation is
present this is no longer the case.

¥ (x) = (15.35)

15.2 The Effect of Dissipation

In this section we show that quantum coherence associated with superposition states
is extremely fragile in the presence of nonunitary effects such as damping. Such
effects cause a decay of quantum coherence at a rate which is proportional to a
parameter which measures the separation of the superposed states. For macroscopic
separations this decay can be very rapid.

We first consider the effects of dissipation. The master equation for a damped
harmonic oscillator in the interaction picture is
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dp v

& =2 (2apa’ —a'ap — pa'a) (15.36)

where 7 is the damping constant and the reservoir is taken to be at zero temperature.
We will solve this equation for an initial superposition of coherent states using the
normally ordered characteristic function,

X(A,0) =tr(p(t)etd e+ (15.37)
Using (15.36) the equation of motion for X (A,¢) is

X vy, .0X
9 ——2(1 92 +c.c.) (15.38)

where c.c. means complex conjugate. The solution to this equation is

Xo(Ae /2 Lre7/?) (15.39)
where
Xo(A,A%) =X (1,0) (15.40)
For the initial state given in (15.19), a superposition of coherent states, we find
2 *
XoA, A = A2 Y ehoi—ee) < gyla > (15.41)
ij=1
Thus
2
XA =AY <ala; > exp((xa,.* —c.c.)e””/z) (15.42)

ij=1
The corresponding solution for the density operator is
2 4
p(t)=A*Y <oloy > oy > < e M2 (15.43)
ij=1

Due to the coefficient with i # j in this expansion the contribution of the off-diagonal
terms to the coherence function will be small. Thus the superposition is reduced to
a near mixture of coherent states.

The visibility for any measurement is easily found to be

V(x)=|<aylon> |17 (15.44)

where x = xg for quadrature phase or x = n for number measurements. For short
times this is given approximately by

¥ (x) %eXp(—ZtIal — o) (15.45)
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Thus the rate at which coherence decays is proportional to the square of the distance
between the superposed coherent amplitudes. In the last section we considered the
case o = —op which gave good interference fringes centered on the origin for the
appropriate quadrature. However we now see that such fringes must decay rapidly
causing the quadrature phase statistics to be indistinguishable from a classical mix-
ture of coherent states.

This result is not confined to amplitude damping. For example the phase diffusion
model discussed in Exercise 6.3 for which the master equation is

d
d[t) = ;/(ZaTapaTa —(d'a)’*p —p(d'a)?) (15.46)
The solution for the matrix elements in the number basis is

<nlp(t)|m >=exp(—’2’;(n—m)2) < nlp(0)|m > (15.47)

If p(0) is a superposition of number states |n; > and |n, > the visibility of the
quadrature phase statistics is given by

" 1 —m)?) (15.48)

¥ () = exp(~

which shows a rapid decay when n; — n, is large.

These examples are special; the visibility in each case decays in the same way
for all measurements which give interference fringes. This is because the superposed
states are eigenstates or near eigenstates of the operator appearing in the irreversible
part of the evolution equation. This is an important point to which we shall return
in the next section. In other cases the visibility is more complicated. For example
consider the effect of phase diffusion on the quadrature phase statistics of a super-
position of two coherent states with o = —op = go where ¢ is real. If we choose
0 = 1/2 (that is we project onto the imaginary axis in the complex amplitude dia-
gram) we find that for short times

V (Xr2) = 1= (2q0%7)2)° (15.49)

As expected the coherence decays from unity at a rate which is proportional to the
square of the separation of the superposed states. In Fig. 15.4 we plot the probability
distribution for quadrature phase at 6 = /2 with a superposition of coherent states,
with go = 2, subject to phase diffusion with different damping rates.

A similar result may be derived for quadrature phase measurements on a super-
position of number states undergoing damping. To show this we use the complex
P-representation for the projector |n; >< nj|

loe>< B
< B*la>

In >< nj] :7( dayf dp P,(o, B) (15.50)
&) (&}
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(a) P(x)

3

Fig. 15.4 A plot of the probability distribution for quadrature phase, 6 = /2, on an oscillator
prepared in a coherent superposition of coherent states, |2) + | — 2), which is subject to phase
diffusion. (a) y# =0 (b) yr = 0.1 (¢) yr = 0.5. The loss of visibility and spreading of the distribution
is a conseqence of phase diffusion

where
1

and ¢y, ¢, are contours encircling the origin. Thus under time evolution |n; >< nj|
evolves to

B (1)1 2o (D g=(nj 1) (15.51)

(ini><nil) =  do § ap Pi(oB) < Bloc >0
(&) )

lae /2 >< Bre /2|

<Belas (15.52)

Using this result one may show

Clxg,t) = (2m) =1/ 22=MFm)/2 (g 1y 1) =12 (— 1y

2
exp (—xze —i(m —nz)G) e Mmim)/2

min(ny,ny) n n g
,Z‘o 2pewpz(p) (p)Hm+n2_2p( J) ass3)

The dominant term in the sum occurs for p = min(ny,n;). For example if ny > ny
the time dependence of the dominant term is proportional to exp(—7yt(n; —n2)/2).
As expected the coherence decays at a rate which is proportional to the separation
of the states.

15.2.1 Experimental Observation of Coherence Decay

The Haroche group in Paris demonstrated the rapid decay of coherence for a super-
position of two coherent states. They used Rydberg atoms in microwave cavities [1].
Two Rydberg atomic levels with ground state |g) and excited state |e) interact with
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a cavity field. The cavity field is well detuned from the atomic resonance. The effect
of the interaction is to change the phase of the field in the cavity conditional on the
atomic state. An effective Hamiltonian for this interaction can be written as

He =Thya'ac, (15.54)

where o; = [e)(e| —|g)(g|-

If the cavity C is initially prepared in a weak coherent state, |ot), (in the exper-
iment |o| = 3.1) and the atom is prepared in an equal superposition of the ground
and excited states, the total system state evolves to

W(D) = ) (1)) +|e) ™)) (15.55)

where ¢ = x 7, for an interaction time 7. The state in (15.55) is an entangled
state between a two level degree of freedom and an oscillator. To obtain a state
which entangles the atomic degree of freedom with coherent superpositions of co-
herent states we use an independent laser to rotate the atomic states by |g) —
(Ig) +e))/v2, |e) — (|g) — |e))/+/2. The state at the end of this last pulse is

Whow = (18) (1) + o)) + o) lae®) ~ Joe ™)) (1556)

If we now measure the atomic state |g) (by state selective ionisation in the experi-
ment) the conditional state of the field is either

Vo = A4 () + o)) (15.57)

or
W) ou = A (|oe?) — e 9)) (15.58)

where .4} is the normalisation constant. These conditional states are superpositions
of coherent states.

In this discussion we ignored the cavity decay as this is small on the time scale
of the interaction time between a single atom and the cavity field. To observe de-
coherence we prepare the field in a coherent superposition of coherent states, as
previously described, and then let it evolve for a time so that there is a significant
probability that at least one photon is lost from the cavity. We then need to find a way
to probe the field state at the end of that time. It was not possible to directly measure
the state of a microwave cavity field directly. Instead the Haroche experiment used
a second atom as a probe for the field state.

There are two possible results for the first atomic measurement (g, e¢) with the
corresponding conditional states given by (15.57 and 15.58). Now consider sending
in another atom after some delay time 7" and ask (for example) for the probability to
find the second atom in the excited state given one or the other of the two conditional
states, that is to say, we seek the conditional probabilities p(e|g) and p(e|e) (where
the conditioning label refers to the result of the first atom measurement). As the
respective conditional states are different, these probabilities should be different.
The extent of the difference is given by
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Fig. 15.5 A plot of the two-
atom correlation 1) versus the
delay time between successive
atoms for two different values
of the conditional phase shift.
The theoretical results are
shown as a dashed and solid
line. From Haroche et al.
Phys. Rev. Letts., 77, 4887,
(1996), Fig. 4b

Two-Atom Correlation Signal

n = plele) — p(elg) (15.59)

If the second atom is sent in a time 7 after the first the two conditional states,
including decoherence, after this delay time can be written in the general form

W) = A2 (jad0)e®) ) + [ae ™) (alo)e ™))
+9 (|a(t)ei¢><a(t)e*i¢| + |a(l)67i¢><a(t)ei¢|)

where Z is a measure of the decoherence. In the limit that & — 0, these two states
are indistinguishable and the two conditional probabilities p(e|g) and p(e|e) are the
same, so that 1 — 0. Thus by repeating a sequence of double atom experiments the
relevant conditional probabilities may be sampled and a value of 1 as a function of
the delay time can be determined.

In Fig. 15.5 we reproduce the results of the experimental determination of 1 for
two different values of the conditional phase shift, ¢, as a function of the delay
time in units of cavity lifetime. As expected the correlation signal decays to zero.
Furthermore it decays to zero more rapidly for larger conditional phase shifts, that
is to say it decays to zero more rapidly when the superposed states are further apart
in phase-space. The agreement with the theoretical result is very good.

15.3 Quantum Measurement Theory

The object of any physical theory is to provide an explanation for the results of
measurements. It is usually the case that measurements are made by coupling a
macroscopic device to the system of interest which may be of any size, see Fig. 15.6.
If the system is very small then some element of amplification is required. Can this
process, considered purely as a physical interaction between systems, be described
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environment

measured system

apparatus

Fig. 15.6 A schematic illustration of a generic measurement illustrating that a measured system
is an open system. The metre is a subsystem of the entire measurement apparatus which includes
many other degrees of freedom labeled “environment”. A particular metre variable, the “pointer”
position is observed and will fluctuate in time around an average pointer position

entirely within the framework of quantum mechanics? Would such a description, if
given, accord with our intuitive understanding of real measuring devices? How is
the measured system effected by the measurement? These are questions which are
generally included under the heading of the measurement problem.

We will primarily be concerned with measurements that are continuous in time,
that is to say, a measurement for which the measurement results are a stochastic pro-
cess. An example of such a measurement in quantum optics is balanced homodyne
detection for which the measurement record is the difference photocurrent. For any
measurement we can ask two generic questions:

1. What is the measured system state averaged over all measured results: uncondi-
tional dynamics.

2. What is the measured system state given a record of measured results: condi-
tional dynamics.

We will take the first question to begin with.

15.3.1 General Measurement Theory

The unconditional state after the measurement is related to the initial state of the
system via a completely positive map (CP map) which takes density operators to
density operators.

po — p' = @[po] (15.60)

The Krauss representation theorem [2] enables us to write all CP maps as

@[po] = Y EapE, (15.61)
o
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where
SEE,=1 (15.62)
o

ensures normalisation. The sum in (15.61) could stand for an integral. The Krauss
decomposition is not unique: there is a unitary equivalence class of possible Krauss
decompositions.

Suppose we measure some metre quantity for which the result is a real number x.
The statistics of measurement results is given in terms of a positive operator, F (x)
as

P(x) =tr(pF(x)) (15.63)

which is the most general way to construct probability distributions from density
operators allowed by the quantum formalism. The conditional state given the mea-
surement result is,
P(opPt

()P (x) (15.64)

() —
P P(x)

where £ (x) = T'T(x)Y'(x). The unconditional state is given by,

= /de(x)p(x> - /dxf'(x)pfﬂ(x) (15.65)

which relates the CP map to the measurement operators.

As an example of this formalism we consider the measurement of a generic two
level system (a qubit) coupled to a measurement apparatus for which the pointer
variable has real eigenvalues. To specify the nature of the measurement we need
only specify the Krauss measurement operator f’(x),

(x— Kéz)z]

s (15.66)

Ta(x) = 2nA) V4exp {—

where o; = |1)(1] — |0)(0] is the measured system observable and {|0),|1)} are an
orthonormal basis for the two level system. (see Exercise 15.5). The probability
density for measurement result, x(¢) at time 7;

P(x,1) = te(p (1) T (1) Tx (x)) (15.67)

The moments of this distribution are related to the quantum moments of the mea-
sured system observable by

&(x(1)) = x(6(1))
E((Ax(1)))* = A+x*{(A6:(1)))

Thus we regard A as the noise added to the signal by the apparatus. Using the fact
that ()'Z2 = | the measurement operator may be written

= /PL(xX)| 1) (1] + /Py(x)|0)(0| (15.68)
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where

2A

where oo = 1,0. The unconditional state, is then given by (15.65) as

Po(x) = 21A) 2 exp [— O+ (_l)a")z} (15.69)

p' = pi[1)(1] + pol0)(0] +e*72A(|1)(0] + 0)(1]) (15.70)

where py, = (a|p|o), and oc = 0, 1. We can now define the good measurement limit

2 o e . .
as e ¥/24 << 1, and the measurement result statistics easily enable the eigenstates
of o to be resolved. In this limit the unconditional post measurement state is diag-

onalised in the eigenbasis of o;.

15.3.2 The Pointer Basis

How does the construction of a physical measurement apparatus determine what
system quantity is measured? This is one of the key components of the measure-
ment problem. To understand why there might be a problem we will consider a
simple model of the interaction between a measured system S and a measuring de-
vice M. Let us first ignore the macroscopic nature of M and simply treat it as a
single quantum system with one degree of freedom. As we shall see such an as-
sumption does not lead to an adequate description of the measurement process. The
macroscopic nature of M is essential for a complete description.

Let {|m; >} denote a set of eigenstates of some meter quantity and let {|s; >}
denote the eigenstates which diagonalise the system operator we are seeking to mea-
sure. Suppose the initial state of the system is |mg > ®ls; > , and further suppose
that under unitary evolution this state evolves to

lyi(t) >= [m; > @|s; > (15.71)
Then for a general system state

[y >= Y cilsi > ®|mg > (15.72)

the state at time ¢ will be

lw(r) >= cilm; > ®|si > (15.73)

We regard m; as the value read-out from the meter scale. If an observer finds the
meter in a state [m; > (with probability |c j|2 ) the system is subsequently (i.e. con-
ditionally ) described by the state |s; >. It is clear that in effect we have measured
some physical quantity S which is diagonal in the basis {|s; >} ,
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S= ailsi ><sil (15.74)

Suppose one only knows that a measurement has taken place but we do not select
a particular result. The state of the system must then be described by the reduced
density operator obtained by tracing out over the meter states,

ps = lcil*si >< si (15.75)
i

Thus as a result of the measurement the density operator of the system is diagonal in
the basis which diagonalises the measured operator. Alternatively the basis in which
ps is diagonal determines the system operator which has been measured. This is the
standard description of the measurement process. Unfortunately it is inadequate as
we now explain.

The description given above assumed we read out a meter quantity which is di-
agonal in the basis {|m; >}. Suppose however we decide to read out another meter
quantity diagonal in the basis {|; >}. We can then express the meter states |n; >
in the alternative basis {|; >} ,

Imi >="y <imjlm; > |im; > (15.76)
J

The state of the combined system after the interaction is then
|l[/(t) > = ZCi|m,’ > ®|S,’ >
i

:Zdj|n~1j>®|rj> (15.77)
J

where
dilrj >=" c; <mjlm; > |s; > (15.78)
i

Although the system meter coupling has not altered there is now some ambiguity as
to what system operator has been measured; is it

S = Za,~|s,~ > S,'|
i

or
R=Y bilri><r] ? (15.79)

This ambiguity can only be removed if we say that the meter is so constructed that
the only physical property that we readout is the one which is diagonal in the basis
{|m; >}. What is the property of the meter which determines such a preferred or
pointer basis?

We can answer this question by admitting that a true measuring device must be
macroscopic and thus contain many degrees of freedom. Thus, in addition to the
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read-out variable, we must consider the meter as composed of many other degrees
of freedom possibly coupled to the the read-out variable. These other degrees of
freedom cannot be determined in any realistic scheme and thus may be treated as
a environment. In order to model this situation we now divide the measurement
scheme into system-+meter+environment. The system and meter are directly coupled
and the meter is coupled to the environment, see Fig. 15.6. As Zurek has shown it
is the nature of the coupling between the meter and the reservoir which determines
the pointer basis.

In order that the special correlation between the system and the meter given by
(15.73) be preserved in the presence of the coupling to the reservoir, described by
some Hamiltonian Hyg, we require that the pointer basis {|m; >} be a complete set
of eigenstates for a pointer quantity M which commutes with Hyg. This ensures that
fluctuations from the reservoir do not find there way back to the measured system
quantity S. In many situations it may not be possible to find an operator which
satisfies this condition exactly. However an approximate pointer basis may exist in
as much as the diagonal elements of the density operator in such a basis relax on a
very long time scale while the off-diagonal elements decay on a much shorter time
scale.

Thus it is the meter-reservoir interaction which determines the pointer observ-
able M and thus the corresponding pointer basis appropriate to the measurement.
The to-be-measured quantity is only defined in the course of the meter-reservoir in-
teraction; a situation consistent with Bohr’s general description of measurement in
quantum mechanics.

The meter cannot be observed in a superposition of pointer basis states as its
state vector is being continually collapsed. It is the monitoring of the meter by the
reservoir which results in the apparent state reduction of the system and the meter is
so constructed to ensure that this occurs. The correlations between the correspond-
ing system and pointer basis states are preserved in the final mixed state density
operator

Y cicilmi ><mj| @ |s; >< sj| —

iJ
3 bi2 i > < g @ 1 > < 7| (15.80)
i

where {|rf >} are the system states determined by the pointer basis, referred to as
the relative states.

There is a close connection between the concept of a quantum nondemolition
measurement and the concept of a pointer basis. The condition that an operator Q(r)
be a QND variable is that (in the interaction picture)

[0(t),0(t")] =0 (15.81)

Applying this idea to the measurement description above it is clear that the pointer
observable P, which determines the pointer basis, must be a QND variable of the
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meter. This ensures that an initial eigenstate of P evolves entirely within the pointer
basis set.

In the theory of QND measurements we also require the variable Q to maintain
its QND property in the presence of couplings to other systems, the reservoir in
our example, which represent further stages of the meter device. This will be true
provided the back action evasion criterion is satisfied

[0(), Hyg] =0 (15.82)

where Hyg represents the interaction Hamiltonian between the system of the QND
variable and other systems to which it is coupled (the reservoir in our case). This
property is precisely the property that the pointer observable must satisfy. We may
thus view the pointer observable as a QND variable of the meter which is coupled
to the environment by a back action evasion coupling.

15.4 Examples of Pointer Observables

In Sect. 15.1 we considered a number of models which lead to the density operator
becoming diagonal in a preferred basis. For example, if the meter is a harmonic
oscillator coupled to the bath by

Hyg = a'alf (15.83)

so that it evolves according to the master equation (15.46) the state of the meter
becomes diagonal in the number basis. The pointer observable is a'a and (15.83)
represents an ideal back action evasion coupling.
As another example suppose that the amplitude of an oscillator is coupled to the
environment by
Hug =al" +4d'T (15.84)

This is not a back action evasion coupling, however the meter state tends to become
diagonal in the coherent state basis which are eigenstates of the operator a. Unfor-
tunately the diagonal elements of the density operator in this basis are also changed.
However as we saw in (15.43) for short times the diagonal elements do not change
much, yet coherence between states separated by large coherent amplitudes decay
quite rapidly. In this case we can say that the coherent states are an approximate
pointer basis.

15.5 Model of a Measurement

We are now able to consider a full model of a quantum limited measurement in-
cluding the interaction of the meter with the environment. The quantum system
and meter are taken to be harmonic oscillators with annihilation operators a and b
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respectively. The coupling between the system and the meter is taken to be quadratic
in the system amplitude and the interaction Hamiltonian is

h
Hsm = 2cﬁa(bE* +b'E) . (15.85)

Such a system may represent a four wave mixing interaction in quantum optics,
where one field is taken as classical of amplitude E. The measured system operator
is, as we shall see, a'a (or some function thereof).

We assume that mode b is coupled to the environment by amplitude coupling

Hyg =bl'" +b'T. (15.86)

This will determine a particular pointer basis. There are good physical reasons why
this is a suitable choice for Hyg. First, if the oscillators are realised as field modes
this coupling represents the usual system-bath interaction of a linear loss mecha-
nism. In particular it could represent the interaction of a field mode with a photo-
electron counter. Perhaps the most important reason for choosing Hyg in this form
however is that it leads to the coherent state pointer basis. As coherent states have
a well defined semiclassical limit this is a desirable basis for a real (i.e. classical)
measuring device. We now solve for the complete dynamics of the system and meter
coupled to the bath.

The density operator for the system and meter after tracing out the reservoir
obeys the master equation

dp
dr

Y

5 (2bpb" —b'bp — pb'b) (15.87)

= _21 [(Eb' 4+ E*b)a’a,p] +

We have assumed the environment is at zero temperature. Initially the state of the
system is arbitrary while the meter is in the ground state

=3

PO)= Y, (Punln ><ml)5@(0><0]),, (15.88)

n,m=0

where we have expanded the system state in energy eigenstates and pp, =<
n|ps(0)|m >. Equation (15.87) may be solved by the characteristic function. The
solution is,

> 2
p(t) = z em('ﬂ (n—m)z(l—yt/z_e—W/Z))

n,m=0
oo, (1) >< am(t)|>
X (jn><m|)s® (15.89)
n><mhss (050,
where |0, (1) > is a meter coherent state with
E, _
a(t)=""(1—e"/?) (15.90)
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In the long time limit we have

p— DPn)(Jn><n|)g® (o >< 0|)y (15.91)

where P(n) is the initial number distribution for the system. This is a mixture of
number states in the system, perfectly correlated with a mixture of coherent states
in the meter. It is thus of the general form of (15.80). The coherent states |c;, >
are the pointer basis states and the number states the corresponding relative states.
The amplitude of the coherent states can be made arbitrarily large by increasing the
strength of the system meter coupling E. Hence this model includes amplification
in a natural way. The large E limit is the appropriate limit for an accurate measure-
ment [3]. In fact the states |cy, > for different values of n become approximately
orthogonal as the coupling strength is increased.

We have assumed in this analysis that the environment is at zero temperature.
For photoelectric detection this is a good assumption at optical frequencies. Were
the environment not taken at zero temperature there would be an additional thermal
spread in the diagonal part of the meter states.

This model contains all the features of the measurement process discussed in
Sect. 15.3.2. The correlations between the system and the meter are created by uni-
tary evoultion. The (almost complete) reduction of the meter states to the pointer
basis (the coherent states) occurs as a result of nonunitary dissipative evolution,
which causes the off-diagonal elements of the meter state in the pointer basis to de-
cay. It is clear that the model represents the measurement of some function of the
system number operator a’a. To determine what this function is we must reconsider
the interpretation of the environment as a photoelectron counter. If we assume that
every meter quanta lost to the environment is actually counted in the detector, a full
analysis shows that in fact the model describes the measurement of the square of the
number operator.

From (15.91) we can calculate the reduced state of the system by tracing out
over the meter states. The resulting state has an exponential decay of off-diagonal
elements in the number basis which goes as > for short times. Such a dependence
indicates that for short times a Markovian evolution equation does not describe the
evolution of the system state. However if the rate of photon counting, 7, is very
large then this short time behaviour is rapidly superceeded by an exponential linear
dependence. In this case the effective master equation for the system state is

dps EP i r s

=— a'a,la'a 15.92
o ==y ldafdap] (15.92)
In this strong measurement limit we see that as far as the system is concerned the
effect of the measurement of photon number is to induce a diffusion in the oscillator
phase. In some sense the phase is the conjugate variable to the photon number so
this result is consistent with the uncertainty principle.
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15.6 Conditional States and Quantum Trajectories

We turn now to discuss the second question that may be asked of a measured system:
what is the conditional state conditioned on a measurement result? In Chap. 6 we
discussed an approach to solving master equations based on unravelling the solution
as an average over a quantum trajectory: a solution to a stochastic master equation
or stochastic Schrodinger equation. Here we will show that a quantum trajectory can
describe the conditional evolution of the state of a continuously measured system,
conditioned on the stochastic measurement record.

A simple model for continuous can be built out of the two-level mode discussed
in Sect. 15.3.1. To get to a continuous measurement we let readouts occur at Poisson
distributed times at rate y. The system then obeys the master equation

p = ittpl+( [ axkaptico - p)

it p) = (1-¢ 72 ) 6216 ]

Clearly this describes a QND measurement of 0;. We now take the limit of weak,
rapid measurements Y >> 1, A >> k2 to get

p:_i[Hap]_D[éza[émp]] (15.93)

where D = 7;’22 is the decoherence rate in the 6, basis. When D is large decoherence
is rapid, which should correspond to a good measurement.

The measurement record is a real valued classical stochastic variable, x(z;), con-
ditioned on the state of the system. To get a continuous stochastic record we define
a stochastic differential: dy(#) = dN(¢)x(¢) where dN(¢) is a Poisson process:

dN(1)? = dN(r)
E(dN(r)) = ydt

We can now take the diffusive limit. Consider a time 8¢ such that ydr >> 1 yet,
Dér << 1.

E(t+8t) —y(1)) = y81x(6.(t))e (15.94)
E(((t+8t) —y(1))* ~ ydtA (15.95)

we can then approximate the observed process by the Ito stochastic d.e.
dy(r) = vk | (6:(1))cdr + (8D) ™'/ 2dW (1) (15.96)

where dW (¢) is the Wiener process: &(dW (¢)) =0, &(dW(¢)?) = dt. If D is large,
then we will have a good signal-to-noise ratio.
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Under the same assumptions we can derive the conditional master equation and
the stochastic Schrodinger equation for this measurement. Using (15.64 and 15.67)
and taking the limit of weak rapid measurement as above we find that the conditional
master equation is

dpe(t) = —i[H,p(t)]dt — Ddt[0, [0, pe(t)]] + V2DdW (1) 7 [0 ]pe(t)  (15.97)
and the stochastic Schrodinger equation is
dlye()) = —iHdt|ye(1)) —Ddt [1 —2(0.)c0. + (0)%] [ (1))
+V2D(0. — () )dW (1) | we(1)) (15.98)

This leads us to define a quantum limited measurement as measurement for which
the signal-to-noise is determined only by the intrinsic quantum noise of the mea-
sured system, and the minimum back-action noise consistent with the uncertainty
principle. Under these conditions the decoherence rate is determined only by the
back-action noise due to measurement. The example considered here is an example
of a quantum limited measurement. Usually a measurement is not quantum-limited
as the system dynamics has other irreversible channels (e.g. dissipation) and other
sources of noise (e.g. thermal) are added to the measured signal.

The stochastic master equation has an interesting property. Using (15.97) we can
derive equations of motion for the conditional mean value of ©;. Define z. = ().

dze = (...)dt +2VD(1 — 22)dW (z) (15.99)

where ... refers to that part of the dynamics arising directly from the Hamiltonian
term. If we assume that [o;, H| = 0, the stochastic dynamics is determined entirely
by the measurement. It is then clear that there are two fixed points, z. = &1 which
correspond to two eigenstates of o0;. In a simulation the result is that the condi-
tional state tends to localise on one or the other of the eigenstates of ¢. This is the
continuous measurement version of quantum state reduction.

15.6.1 Homodyne Measurement of a Cavity Field

Consider now a single mode cavity damped into a zero temperature heat bath (see
Sect. 6.1). The environment is the multi-mode field external to the cavity. Some
of these external modes are coupled into a balanced homodyne detection system.
The change in the state of the system, over a time interval d¢, can be described by
a single jump operator a. In what follows we choose the units of time so that the
cavity decay constant, Y is unity. We can define two Krauss operators. Firstly we
define | = a+/dr, corresponding to a conditional Poisson process with probability
(aa)dr. Normalization requires a second Krauss operator, Qy =1 —a'adt /2 —iHdt,
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where H is Hermitian. Then the unconditional master equation without feedback is
just the familiar Lindblad form

dp = Qop+21pQ; —p

—i[H, p]dt + apa’dr — ; (a'ap + pa’a)dt
—i[H,pldr + Z]alpdr . (15.100)

A fermionic example is given in [4].

In homodyne detection, the output field from the cavity is mixed with a strong
coherent field, the local oscillator. This corresponds to a displacement of the cavity
field a. Obviously this does not change the unconditional dynamics of the cavity
field. With this in mind we first note that given some complex number a = |o|e’?,
we may make the transformation

a—a+o

ilof
H—H-—
- 2

(e %a—eal) (15.101)
and obtain the same master equation. In the limit as |¢¢| becomes very large, the rate
of the Poisson process is dominated by the term |c|?. In this case it may become
impossible to monitor every jump process, and a better strategy is to approximate
the Poisson stochastic process by a Gaussian white-noise process.

For large o, we can consider the system for a time 7 in which the system changes
negligibly but the number of detections SN(¢) ~ |ar|* 8¢ is very large; then we can
approximate ON(¢) as

SN(t) =~ |8t + |t (e Pa+a'e) 5t + || W (1), (15.102)
where OW (¢) is normally distributed with mean zero and variance 6r (a Wiener
increment).

We now define the stochastic measurement record as the current
. ON(t)—|a|*8t
me) = 1 15.103
() = Jim |6t ( )
= (e %a+e%a’)y +dw(r)/dr . (15.104)

In balanced homodyne detection, this current corresponds to the photo-current.
Given this stochastic measurement record, we can determine the conditional state
of the quantum system by the stochastic master equation (SME)

dpa(t) = —i[H, pc(t)]dt + Z[e a)p.(t)dt
+. /e Calp.(t)dW (1). (15.105)

In the above equations, the expectation (@), denotes the average over the conditional
state, Tr(p.a) and 57 is a superoperator defined in Sect. 6.7
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Hclp = cp+pc’ —pTr[ep +pcl]. (15.106)

Let us define the quadrature phase operator
Xo=e Ya+e" (15.107)

The corresponding stochastic Schrodinger equation is

dly.(t)) = {—int - ; [a'a—2(Xg/2)c + (Xo/2)2] dt
+ la—(X/2)]dW (1)} |y (1)) (15.108)

Note that as |y, (7)) approaches a coherent state for which a|y, (7)) = (X /2).|w.(¢))
the noise term tends to zero. This leads to the stochastic localisation of the condi-
tional state on the set of coherent states. If we ignore normalisation of the state, we
get a very direct sense of how the measured photo current conditions the state,

d|.(r)) = dr —iH—;aTa+I?°m(t) | (1)) (15.109)

Exercises

15.1 Consider the superposition of two coherent states
ly>=A(log > +| -0 >)

where o is real. Show that the probability distribution for X; = a +a' is a
double peaked Gaussian (0 > 1) while the distribution for X, = —i(a — a")
shows interference fringes.

15.2 Consider the Hamiltonian

H =hoa'a+hy(a'a)? (15.110)

Show that this Hamiltonian can generate a superposition of two coherent states
or two squeezed states of the type discussed in the preceeding questions.
15.3 The spin coherent states are defined by

|j;7 >=exp (— ;’ (Jie™? —Je”’)) 1 J > (15.111)

where y = e tan g and |j,j > is a J; eigenstate with eigenvalue j . Consider
the superposition state

ly >=A (s > +j;—n>) (15.112)
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with yp real. Calculate the probability distributions for Jy,Jy,J; and show that
the J, distribution exhibits interference effects. Give a geometrical interpreta-
tion of this result.

15.4 Consider the two mode squeezed vacuum state

=3

|y >= (cosh r)~! Z(tanh r)"n > ®ln >, (15.113)
n=0

and the mixed state with the same diagonal distribution

=

p = (cosh r)7* Y (tanh r)**|n > < n| @ [n >,< n| (15.114)
n=0

Show that these states may be distinguished by the probability distributions
for the two mode quadrature phase operators X3 = a + al where

1

ai:\/z(aliaz). (15.115)

15.5 Consider a two-level system with basis states {|0),|1)} coupled impulsively

to the momentum of a free particle via the Hamiltonian
H(t) = kpo,8(t —ty) (15.116)

with o, =|1)(1|—10)(0|. Just prior to the readout at time ¢, the state of the par-
ticle is a Gaussian with the wave function y(p) = (2wA)~/*exp[—x%/(4A)).
Immediately after the coupling at time #, the position of the particle is mea-
sured with perfect accuracy and projected onto the position eigenstate |x,).
Show that the conditional state of the two level system immediately after the
readout is given by (15.70) with x = x,.

15.6 Show that the measurement operator

(15.117)

Ty (x) = 2rA) exp [_ (x _4’262)2]

reduces to a projection operator in the limit ¢ — 0.
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